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3-D magnetic configurations may require analysis techniques beyond
those normally applied in 2-D.

• There is evidence that, in some stellarators, β appears to be limited by
equilibrium considerations, NOT disruptive instabilities. 1 2 3 4

• The magnetic topology appears to change to limit β; flux surfaces
deteriorate, enhancing transport.

• The notions of equilibrium and stability are intertwined in 3-D.

• Saturation of instability (if it occurs) may lead to another equilibrium
state.

• Time dependent evolution with transport effects identifies the
saturated state for a given initial equilibrium, i.e. without a relaxation
prescription.

1M. Hirsch, et al., Plasma Phys. Control. Fusion, 50, 1(2008).
2M. Sato, et al., 2008 IAEA Proceedings.
3A. Reiman, et al., Nucl. Fusion, 47,572(2007)
4M.C. Zarnstorff, et al., 2004 IAEA Fusion Energy Conference.



Initial value extended MHD calculations are well-suited to describing
3-D configurations.

Initial value extended MHD calculations allow for:

• Nonlinear evolution of instabilities.
• Changing magnetic topology.
• Physical effects beyond the ideal MHD model, e.g. anisotropic heat

conduction, bootstrap current, etc.
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Common aspects of the simulations presented here:

• The evolution of the equilibrium subject to heating or current drive, is
modeled, starting from a vacuum state.

• MHD stability for the initial magnetic field configuration is lost.
• The configuration evolves as the instability grows.

• The details of flux surface destruction are key to understanding how
the configuration evolves in response to growing instabilities.

• Nonlinear dynamics are important.
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Common aspects of the simulations presented here:

• The evolution of the equilibrium subject to heating or current drive, is
modeled, starting from a vacuum state.

• MHD stability for the initial magnetic field configuration is lost.
• The configuration evolves as the instability grows.

• The details of flux surface destruction are key to understanding how
the configuration evolves in response to growing instabilities.

• Nonlinear dynamics are important.

The NIMROD code is used to evolve the 3-D equilibrium in time,
self-consistently calculating field quantities and time-dependent effects.



Here, two investigations study the details of flux surface destruction in
3-D configurations

1. The temporal evolution of discharges in the Compact Toroidal Hybrid is
modeled using the NIMROD code.

• Ohmically-driven current provides the majority of confinement in this
hybrid configuration.

• This current drives magnetic island formation at rational surfaces.
• The vacuum magnetic field strongly affects seeding of these

islands.

• The prediction of islands at the  ι = 1/2 surface agrees with
experimental observations.
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1. The temporal evolution of discharges in the Compact Toroidal Hybrid is
modeled using the NIMROD code.

• Ohmically-driven current provides the majority of confinement in this
hybrid configuration.

• This current drives magnetic island formation at rational surfaces.
• The vacuum magnetic field strongly affects seeding of these

islands.

• The prediction of islands at the  ι = 1/2 surface agrees with
experimental observations.

2. Finite beta simulations of a straight stellarator are computed using the
NIMROD code.

• Evolution of equilibrium is tracked as MHD instabilities emerge.
• Flux surface destruction ensues as a response to the pressure-induced

currents.

• Quiescent stochastic regions are sometimes present in the resulting
equilibrium.



Current-driven simulations of the Compact Toroidal Hybrid

Collaborators:

• C.R. Sovinec, University of Wisconsin
• C.C. Hegna, University of Wisconsin
• S.F. Knowlton, Auburn University
• J.D. Hebert, Auburn University

M.G. Schlutt, et al. Nucl. Fusion 52 (2012) 103023



The Compact Toroidal Hybrid (CTH) provides a laboratory to
investigate MHD equilibrium and stability.

The Compact Toroidal Hybrid is a low aspect ratio torsatron at Auburn
University.

• The vacuum rotational transform is relatively flat at about  ι ≈ 0.15.
• A substantial fraction of the rotational transform is provided by

Ohmically-driven plasma current.
• Five field periods.
• Magnetic field strength of ∼ 0.6 T, R0=0.75m, a=0.3m



A MHD model within NIMROD is used to simulate discharges in CTH.

ρ
∂v

∂t
+ ρ(v · ∇)v = J×B− >

0
∇p+ ∇ · νρ∇v

∂B

∂t
= −∇×E + κdivB∇∇ ·B

E = −v ×B + ηJ

µ0J = ∇×B

• These simulations are performed with zero beta.
• Uniform resistivity and viscosity are employed throughout the interior.

=> Resistivity value corresponds to S = 1.5 · 106.
=> Viscosity is chosen to give PrM = 1.

• Numerical resolution:

• Poloidal plane: 24 radial x 24 poloidal bi-quintic elements.
• Toroidal direction: 43 toroidal modes (0 ≤ n ≤ 42).



Current profiles remain hollow throughout the discharge (loop voltage
= 4V).

Parallel current contours Evolution of total current

Parallel current contours map out the flux
surface shapes at t = 13.3ms, ζ = 0.
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• Magnetic axis located at R=0.725 m.
• Next slide will take slices through the mid-plane, at Z=0, showing

rotational transform profiles at successive times.



The rotational transform flattens when island formation occurs at
low-order rational surfaces.

Rotational transform profiles through the mid-plane at various times.

Here a slice is taken along the major radius across the vessel at ζ = 0. Values are shown for

locations inside the last closed flux surface. The magnetic axis is at R = 0.725m.

• Rotational transform is double-valued, since the driven current is hollow.
• n=5 island chains are produced as the transform passes through low-order

rational surfaces. ( ι = 5/m)



The hollow rotational transform results in twin magnetic island chain
formation.

Poincaré plot at t = 10.3ms, ζ = 0, showing m = 10, n = 5 island chains.



The m=10,n=5 island chains move apart with increasing current.

Poincaré plot t = 10.5ms, ζ = 0. Note the stochastic regions which surround the islands, as

the island chains move radially away from each other.



The outer m=10, n=5 islands coalesce.

10µs between frames

90µs total length



With continued current drive, flux surface destruction ensues.
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This Poincaré plot at t = 17.8ms, ζ = 0 shows a prominent m = 2,n = 1 structure at the

 ι = 0.5 surface, amid a stochastic region.



Experimental discharges have been obtained which are similar to the
present simulations.

Typical CTH experimental profiles • Flattening of current at
Ip = 40kA matches current in
simulation where islands form at
the  ι = 1/2 surface.

• Mirnov signals indicate m=2
activity at this time.

Two key differences here:

• Loop voltage is not held constant in
time.

• Resistivity varies spatially based on
temperature.



Experiment (top) and simulation (bottom) show a flattening of edge
rotational transform at  ι = 1/2.

Edge rotational transform
• Experiment shows prominent

(2,1) activity.
• Simulations show island

formation at the  ι = 1/2
surface.



Conclusions for this study.

• Current-driven resistive instabilities in a stellarator plasma have been
simulated, starting from a vacuum state.

• The 3D magnetic topology evolves temporally in response to emerging
instabilities.

• The n=5 periodicity of the vacuum field strongly influences which island
structures form.

• The island coalescence process is a prominent feature of the CTH
simulation results.

Future work - J. Hebert, University of Auburn:

• Finite beta simulations with self-consistent Ohmic heating.
• Temperature-dependent resistivity.
• Realistic loop voltage profiles in time (rather than time-independent).
• Closer comparison with experimental observations.



Simulations of 3-D field effects in straight stellarator
finite-beta equilibria

Collaborators:

• C.C. Hegna, University of Wisconsin
• C.R. Sovinec, University of Wisconsin
• E.D. Held, Utah State University
• S.E. Kruger, Tech-X Corporation

Accepted for publication, Phys. Plas., May 2013.



The evolution of pressure-driven modes are studied with m=2 straight
stellarator equilibria.

This straight stellarator configuration is chosen for several reasons:

1. The vacuum magnetic field can be analytically prescribed.
2. Especially sensitive to interchange modes, because:

• no stabilizing toroidal curvature
• no magnetic well develops with increasing beta (no Shafranov shift)
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This straight stellarator configuration is chosen for several reasons:

1. The vacuum magnetic field can be analytically prescribed.
2. Especially sensitive to interchange modes, because:

• no stabilizing toroidal curvature
• no magnetic well develops with increasing beta (no Shafranov shift)

Two classes of m=2 straight stellarator equilibria are heated, producing
finite beta discharges:

1. Vacuum magnetic field is helically symmetric

• fully described by only 2 coordinates (2D): ~B = ~B(ψ,Mθ −Nζ)
• good closed flux surfaces guaranteed to exist

2. Vacuum magnetic field has spoiled symmetry

• well-formed closed flux surfaces NOT guaranteed
• The strength of the symmetry-spoiling harmonics is varied:

ǫmn =
bmn

B0

= 10−4|B0| → 10−2|B0|.



A single fluid MHD model is used to simulate finite beta discharges.
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where anisotropic heat conduction is employed:

q = −n
[

χ‖b̂b̂ + χ⊥(I− b̂b̂)
]

· ∇T

• Here, χ‖/χ⊥ is varied from 104 to 107.
• Allows for finite pressure gradients along fieldlines.



The initial helical vacuum equilibrium magnetic field is analytically
prescribed in NIMROD.

Solving Laplace’s equation in a periodic cylinder yields a scalar potential to
describe the helical vacuum magnetic field for a straight stellarator:

B = ∇φ

φ = B0



Rζ +
∑

m,n pairs

ǫmn

Rm

n
Im

(nr

R

)

sin(mθ − nζ)





Magnetic field structure and spectrum are controlled by choice of ǫmn:
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• Helically symmetric equilibria are a special subclass of solutions
=⇒ ~B = ~B(ψ,Mθ −Nζ)

• m=2, n=2 dominant configurations are studied in these simulations.



The helically symmetric  ι(0) = 0.51 case is studied.
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Vacuum rotational transform for the m=2, n=2, ǫ22 = 0.87 helically symmetric case. Closed

flux surfaces exist for 0.68<R<1.32.

MHD instabilities are excited upon heating:

• 2 MW/m3 case: Very little initial mode growth, with fully recovered well-formed
flux surfaces.

• 4 MW/m3 case: non-resonant (2,1) instability nonlinearly saturates,
featuring a quiescent stochastic region.

• 8 MW/m3 case: (2,1) non-resonant mode quickly grows, destroying
confinement.



The  ι(0) = 0.51, 4 MW/m3 case has instability growth which saturates
nonlinearly.
• (2,1) coherent mode formation

Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 3.50ms.

• Recovery of flux surfaces

Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 4.50ms.



The  ι(0) = 0.51, 4 MW/m3 case has instability growth which saturates
nonlinearly.

Poincaré plot for the m=2, n=2, ǫ22 = 0.87 helically symmetric case at ζ = 0, t = 15.79ms,

with heating strength of 4 MW/m3.
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Kinetic energy for the n=1 component for
the helically symmetric m=2, n=2, ǫ22 =

0.87, 4 MW/m3 heating strength case.
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Beta profile of helically symmetric
4 MW/m3 m=2, n=2, ǫ22 = 0.87 case
at t = 14.40ms, ζ = 0.



Summary of these finite beta simulations.

• Configurations evolve in response to increasing beta.
• Magnetic stochasticity results subsequent to loss of MHD stability.

• Some cases exhibit complete loss of flux surfaces
• Some cases exhibit loss of flux surfaces, then recovery of

well-formed flux surfaces.
• Some cases exhibit loss of flux surfaces, with the persistence of a

stochastic region which supports a pressure gradient.



Summary of these finite beta simulations.

• Configurations evolve in response to increasing beta.
• Magnetic stochasticity results subsequent to loss of MHD stability.

• Some cases exhibit complete loss of flux surfaces
• Some cases exhibit loss of flux surfaces, then recovery of

well-formed flux surfaces.
• Some cases exhibit loss of flux surfaces, with the persistence of a

stochastic region which supports a pressure gradient.

• The addition of small symmetry-spoiling harmonics can have a
number of effects:

• Reduce beta at which MHD instability evolution begins.
• Accelerate the loss of pressure from the plasma.

=> Two mechanisms for beta-limiting are observed.

• Allow the equilibrium to recover more easily from the onset of
instability.



The sum of this work addresses the use of initial value extended MHD
modeling of stellarators.

Two very different 3-D configurations are investigated. In both of these:

• Equilibrium profiles evolve as energy is added.
• Instability results, and the subsequent time-dependent response is

calculated.

• For example, island coalescence is prominent in the CTH
simulations. The simulation’s predictions of islands at the  ι = 1/2
surface agrees with experimental observations.

These initial value extended MHD calculations provide:

• Self-consistent analysis, where equilibrium and stability properties are
allowed to affect each other in a time-dependent, nonlinear fashion.

• Analysis of physical effects outside basic resistive MHD modeling.

• For example, a stochastic region supporting a finite pressure
gradient - this requires the inclusion of a small viscosity and finite
parallel heat conduction in the closure scheme.



Backup Slide: The vacuum magnetic field of the CTH is modeled with
NIMROD.

• Magnetic field data at the vessel surface is provided by the CTH
team.

=> Produced by a Biot-Savart-type calculation which uses actual coil
currents from a specific shot.

• This data file is read and the normal magnetic field is loaded into the
boundary finite element nodes and frozen for all time.

• The magnetic diffusivity is set to a very high value (109) in NIMROD
and is run with very short time steps. This essentially uses NIMROD
to solve the Laplace equation.

• Now that we have an equilibrium magnetic field, the magnetic
diffusivity is set back to a typical value (∼ 1) and the standard types
of NIMROD investigations can be performed.



Backup Slide: CTH vacuum magnetic field.
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Poincaré plots of the vacuum magnetic field. Upper left: ζ = 0. Upper right: ζ = π/10.

Lower left: ζ = π/5. Lower right: ζ = 3π/10. Here ζ is the toroidal angle of the poloidal

planes illustrated. The solid circle in each figure denotes the vacuum vessel boundary.
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